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We consider Poiseuille flow of polymeric liquid crystals corresponding to large values of the
velocity gradient. The model employed [Ericksen, 1991] proposes governing equations for
the velocity field, v, the pressure p, the director n, and the order parameter s. The constitutive
functions for the Leslie coefficients o; derived from the molecular theory of Doi [1981] play
a crucial role in the modelling. In addition to the Ericksen number, E, the present model
exhibits a new non-dimensional parameter ., that represents the contribution of the elastic
free energy of non-gradient type with respect to Frank—Oseen’s elasticity. One of the goals of
the analysis was to examine the role of s in describing singularities as well as in obtaining
regimes which are not predicted by the previous Leslie-Ericksen model. In particular, solutions
are obtained that correspond to domain structures parallel to the flow. Such domains are
separated by singular lines across which the director experiences jumps of, approximately,
+45 degrees with respect to the flow direction. A condition on the size of 4 is required in
order to support such layered structures. The contribution of the energy associated with #
turns out to play the role of an elastic surface energy which is, otherwise, neglected in the

present model.

1. Introduction

In this article we study modelling as well as mathemat-
ical aspects of plane Poiseuille flows of uniaxially nem-
atic liquid crystals corresponding to high values of the
velocity gradient. The model employed is that due to
Ericksen for liquid crystals with variable degree of
orientation [ 1]. The constitutive equations for the Leslie
coefficients as derived by Doi and Kuzuu [2] and
Marrucci [ 3], play an essential role in the analysis. The
present work addresses some aspects of the non-
Newtonian flow behaviour of rod-like polymeric fluids
and their relationship with the presence of defects and
texture in the material.

In addition to the Ericksen number, E, associated
with the Leslie-Ericksen equations, an additional non-
dimensional quantity, #, plays a fundamental role in
the present modelling context. We find that such a
quantity is associated with the presence in the model of
an elastic energy of non-gradient type, which in turn,
allows for the presence of internal layers parallel to the
flow direction. The analysis reveals two types of such
layers, isotropic as well as those associated with stress
jumps. The former may correspond to disclinations in
the flow region whereas the latter ones may be related
with spatially rapid changes of stress. We consider

* Author for correspondence.
tSupported by NSF Grant no. DM S-9403915.

boundary value problems for Poiseuille flow and study
solutions with singularities along the flow direction.

The present theory assigns to the order parameter
values se (—1/2, 1), with s=1 corresponding to perfect
alignment along the director, s= —1/2 corresponds to
the molecules being placed on a plane perpendicular to
the director and s=0 is defined as the isotropic state
with randomly oriented molecules. The director is not
defined at points where s=0. This introduces some
difficulties in the analysis such as the governing equation
for the director becoming singular at the isotropic state.

One of the goals of the present paper is to highlight
the role of the order parameter in the model. From one
point of view, it enhances the elastic mechanisms of the
model as it introduces a higher degree of non-linearity
in the equations. On the other hand, it allows us to give
a rather detailed study of singularities. We also point
out that the present model yields solutions that do not
arise in the Leslie—Ericksen theory. We also emphasize
how configurations with defects arise naturally in the
present context.

Experimental observations indicate that uniformly
aligned flows of polymers with ratio a2/a3 =0 might not
be maintained at high rates of shear and, phenomena
analogous to that of the case with negative ratio may
actually occur [4-6]. In general, there is evidence that
shearing at high rates produces disclinations in config-
urations with well-defined orientation (for example, [ 7]
and [8],§51).

0267-8292/97 $12:00 © 1997 Taylor & Francis Ltd.
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In the present work, we consider regimes that fulfil
the alignment condition az/a3>0, and show that, in
some appropriately defined limit of (high) shear rate
gradients, solutions exhibiting disclinations in the flow
region can be found. Moreover we show that across the
singular lines, the director experiences jump discontinuit-
ies of approximately +45 degrees to the direction of
flow. The analysis also shows that solutions with disclin-
ations occur in the limit of validity of the alignment
condition.

It results from the analysis that the boundary condi-
tions on n and s are only felt in a narrow layer near the
boundary. This is consistent with the behaviour of flows
with large velocity gradients [ 8A].

In §2, we introduce the model and establish a list of
constitutive properties, in part, by combining results of
[1], stemming from the continuum mechanics approach,
with those from molecular theories as described in
[2-4]. In particular, we adopt the approximate forms
of Leslie coefficients derived by Marrucci to guide our
assumptions.

The molecular theory for polymeric liquid crystals
developed by Doi [9] employs as the relevant quantity,
the distribution function fo ). This denotes the probabil -
ity that the axis of an arbitrarily chosen molecule is in
the direction of the vector u. This theory consists of two
equations, a kinetic equation for the evolution of fo and
another one that expresses the stress tensor in terms of
the orientational distribution function. In [10], it is
shown that the Leslie—Ericksen equations follow from
the microscopic model under special assumptions: (@) fo
is a first order perturbation of equilibrium and (%) the
flow regime produces alignment. The latter is consistent
with considering weak velocity gradients.

The Helmholtz free energy consistent with the current
framework is presented in §2. In particular, we adopt a
simplified version of the more general and physically
realistic one described in the Appendix, where we also
give a justification for our simpler choice. The present
form has been widely used in various analyses involving
Ericksen’s model.

In order to render the notion of high gradient or fast

Sflow rigorous, in § 3, we carry out the non-dimensionaliz-

ation of the governing equations and introduce the
relevant dimensionless parameter groups of the model.
This suggests interpreting such conditions in terms of
the large Ericksen number, ie., E3>1. The equations
governing static solutions of shear flow regimes in
plane geometries are derived in §3. We point out that
the choice of plane flow configuration meets the pur-
pose of showing that the present model is capable of
predicting very complex flow structure and physical
phenomenology even for the simplest flow geometries.
The analysis of solutions corresponding to constant

gradient is carried out in §4. No boundary conditions
are taken into account within the context of that section.
The multiple uniform solutions corresponding to a pre-
scribed value of the shear rate are interpreted in terms
of the sign of the first normal stress difference. Conditions
referring to the latter are related to those stemming from
stability considerations. In particular, we point out that
uniformly aligned flows corresponding to negative values
of the normal stress difference are unstable. The solutions
obtained in this section are the building blocks of more
complex flows described later. Boundary-value problems
for the governing equations are formulated in §5.

In §6, we study solutions corresponding to Poiseuille
flow geometries for large values of E. Since the equations
exhibit a singular dependence on the parameter u= E
we seek solutions {s(x, u) ¢(x, u}}, x € (— 1, 1), that admit
an asymptotic expansion with respect to p. Solutions
with a single disclination along the line x =0 are, in fact
analogous to those predicted by the Leslie—Ericksen
theory. In such case, the present analysis would provide
a more detailed description of the flow configuration.

The construction of solutions with one or more singu-
larities in the flow region (in addition to that in x =0)
is based on the idea of properly connecting, at a given
point, branches as those of §4. The connection is
achieved with an internal layer. If branches with opposite
sign of the order parameter are brought together, then
the connecting layer approximates a disclination. Even
in the case that there is no change of sign of the order
parameter the rapid variations of the fields n and s
across such layers is consistent with the analogous
behaviour of the components of the stress. This, in turn,
may be interpreted as an indication of melt-fracture.
Experimental observations of such stress jumps are found
in some of the chemical engineering literature, for
example, [11,12].

In order to understand how the non-dimensional
parameters allow for such structures, we make the
following observations. The mathematical mechanism in
the equations permitting the matching construction of
solutions is associated with the Ericksen number being
large. Existence of solution branches as in §4 depends
on the ratio E/s, whereas the requirement of 4 to be
sufficiently large allows for internal layers.

The latter condition can also be found in analogous
problems related to existence of phase boundaries in
elastic solids, as illustrated in the article by [13]. In
both situations, it accounts for surface energy that it is
not explicitly present in the model.

2. Modelling and constitutive equations
In order to describe flows of uniaxially nematic liquid
crystals employing the model proposed by Ericksen [1],



08: 33 26 January 2011

Downl oaded At:

Poiseuille flow of LCs 123

we need to introduce the vector fields

V= (v, v2,v3) (1)

n= (i, n, n3) (2)

They represent the velocity of the fluid and the director,
respectively, at a point x € Q of the flow region, at time
120, Moreover, we let the scalar field

s=s(X,1) (3)
denote the order parameter. We suppose that

V'v=0 and n°'n=1, (4)
hold, for all xe Q. The first equation is a consequence
of the incompressibility assumption on the material and
the second one expresses the condition of the director
being a unit vector field. Here s and n correspond to the
common eigenvalue and to the distinct eigenvector,
respectively, of the order tensor, Q, for optically uniaxial
materials.

We assume that the Helmholtz free energy, #, and the
Cauchy stress tensor, o, are of the form

7 =7 (s, Vn,Vs)=ki|Vs]’ + kas’|Va [ + v/ ) (5)

c=—pI—VnTﬂ—Vs®ﬂ+6 (6)
oVn ovs

respectively. Here ki1, k2 and v denote positive constants.
f(s)denotes the scalar contribution to the free energy.

The expression given in (5) is a simplified version of
the more general and physically realistic free energy
functional given in the Appendix. There we justify the
simpler choice made here.

& denotes the viscous part of the stress tensor which
we will assume to be linear on the velocity gradient:

o= (ﬁl's-i- ain*Ann®n~+ N Xn
+ asn®ON + asA + asAn®n+ asn® An, (7)
with
A=W+ W/, 20=Ww- W/ (8)
and

N =1 — Qn. 9)

p(x, t)denotes the pressure.
The balance laws associated with the dependent
variables v, n and s are given by

pv=V"o (10)

p— . ﬁ ﬂ OA 11
p k=Y (avS)—aS —pntAn (1)

and

07 07
yishXn=Vy"* (8—%) Xn—a—nxn
+ y1()2n X n— y2(s)An X n. (12)

The constant p>0 denotes the density and «;(s) ﬁ,—(s)
and y;(s) are constitutive functions. They correspond to
the Leslie coefficients in the Leslie-Ericksen theory.
Restrictions on them will be discussed later in the
section. We assume that they are continuous functions
of s on the interval (—1/21).

The second law of thermodynamics in the form of the
Clausius—Duhem inequality implies that the coefficients
satisfy the following relations, cf [17], chapter 3:

os >0, (13)

; g
ot Tastast+as—"">0, (14)

2 B2

2
2a4+a5+a6—yﬂl>0, (15)
pg2=>0, (16)

=o3—a2>0, (17)
y2= o6 — Qs. (18)

Ericksen’s theory also requires the stress coefficients
to satisfy

os— as=axt a3, (19)

and

BL= B3 (20)

The former corresponds to Parodi’s relation and it is
predicted by molecular theory arguments. However sim-
ilar justifications do not appear to lead to the second
relation.

We conclude the first part of this section by listing
additional hypotheses to be placed on the Leslie coeffi-
cients. Their motivation lies on the properties of the
approximation formulas for such coefficients as obtained
from the molecular theory of lyotropic liquid crystals
developed by Kuzuu and Doi [10]. We outline their
derivation in the next subsection and we now complete
the list of assumptions as follows:

1
‘ﬂ(S) <y, forallse(—_,l), (21)
7 2
..
lim™— (s)=0, y»@©)=0=n(0) (22)
520 Y2
lim © )= —1, (23)
sI— Y2
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. 71
li —)=1, 24
s%_r%-i— 2 &) (24)

5)<0, sp(SS0, se —11 (25)
o ()

We observe that (21) together with (17)-(19) is
equivalent to the inequality

1
2 620, for allse(—;,]). (26)

a3

This is in turn consistent with the study of aligning
flow regimes.

2.1.1. Remarks

(1) Inequality (21) should be regarded as a restriction
on the flow regimes to be analysed. It was studied by
Leslie [14] in the modelling of aligning regimes of the
Leslie—Ericksen equations. In the present work, we relate
the degeneracy of such a ratio with the presence of
defects.

(2) The limiting conditions (22)-(24) express growth
hypotheses on the coefficients. They account for the
observed angles of alignment of the director with the
flow at the corresponding limits.

(3) Inequalities (25) are related to the mechanism of
the flow that cause the director to align.

2.1.2. The L eslie coecients

The continuum theory alone does not provide suffi-
cient information on the viscosity coefficients. Here we
explore the joint approaches of Kuzuu and Doi [2] and
that of Ericksen [1] to gain the needed information
on c¢;.

The derivation of such coefficients carried out by
Kuzuu and Doi proceeds by comparing the Leslie—
Ericksen equations with the molecular theory that they
previously developed for lyotropic liquid crystals [10].
Such a derivation is based on the following assumptions:

(I) The flows under consideration correspond to
alignin g regimes.

(2) The order tensor takes on equilibrium values only.

The aforementioned authors proceed to obtain expres-
sions of the Leslie coefficients involving the viscosity of
the isotropic state n*, a dimensionless concentration C
and order parameters

S2=<P2(u'n)>, S4=<P4(u'n)>.

P>, Pydenote Legendre polynomials of second and fourth
order, respectively, and {---) denotes the average with
respect to the distribution function fo@). The function
fo() is the minimizer of the microscopic free energy .7
proposed by Onsager. (We note that S> corresponds to
the order parameter s of the continuum theory.)

They point out that no closed forms of the equilibrium

distribution function fo @) can be obtained by the minim-
ization of .7, and therefore, the method does not yield
explicit forms of the Leslie coefficients. The approximation
schemes to minimize .# developed by [2-41], yield

ai(s)=k (5)4;(s)
k(s)=no(l —s"T.

The quantity no depends on C, n* as well as on the
molecular weight and the length of the rod of the
molecular theory model. {4,;(s)} denote dimensionless
polynomials.

The type of approximation involved in calculating the
orientation distribution function determines the form of
the functions A;(-) Although the aforementioned
approaches yield distinct forms of the functions 4;(-),
they all predict the limiting properties (22)-(24) as
well as inequalities (25). Here we present the simpler
expressions derived by Marrucci [3]:

1<5i{<X6, where

(27)

arlk —s

olk —s(1+2s)’(2+s),\
oazlk —s(I—s)2+s)

(28)
aslk (1 —s)3, >
aslk s,
aslk 0.

While (28) give a positive ratio ocz/oei (and therefore,
satisfy inequality (21)), for those given by Berry, such
quotient changes sign at s =1/4. One can see that az/a3
becomes degenerate at s =0. This turns out to be a very
relevant property in the modelling of line defects within
the present order parameter model. In general, os¥ 0
(the vanishing of a¢ is due to simplifications made on
the derivation of (28)). Our analysis does hold in the
more general case.

We observe that (17) and (18) combined with (28)
give

332

245’ (29)
y2(s)=—k(s)ks.

However, neither of the approaches previously discus-
sed provides information on the coefficients g;. For this,
we make use of the following results.

Ericksen [ 1] derives expressions that approximate the
coefficients «;, Bi> and y near s=0. They are obtained as
consistency conditions between the dissipation function,
A, expressed as a quadratic function of 5, N and A, ie,

A=a4A‘A+(a5+a6)n‘A2n+a1(n‘An)2

ne)=kfs)

+y1|N|2+2y2N ‘An+ﬁ2'sz+2ﬁ1'sn‘An,
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and the analogous function written in terms of A and
0, the co-rotational time derivative of Q,

0=0-00+00.
This yields the following approximate relations,
2p=s52A0+ A1s+ 44257+ A3 + 2445 o (30)
2= (Ao+ Ais+ 2425+ A3’ + das o, (31)

where Ao, A1, A2, A3 and A4 are constants. In order to
determine them, we now identify the second equation in
(29) with (30). This gives

Aog=—1=A4, A1=0=2A;, Ar=1,
and, consequently,
1
pi=— k) (32)
We let
B)= —pi(s)=—p3(s) (33)

and point out the positivity of g.

2.1.3. T he scalar energy f(s)

The presence of such a term in the free energy origin-
ates with Frank’s idea of representing # as a truncated
Taylor expansion of the gradients of the fields, with f(s)
corresponding to the zero order term. (The rotational
invariance of # excludes the dependence of f on n.) The
inclusion of the term f(s) seems to be relevant to the
modelling of polymeric behaviour [9, 15], and, in gen-
eral it has the form of a double-well potential (with the
single-well case as a special one).

In general f(s) and v depend on the temperature or
the concentration. However, we regard such variables
as parameters and consider, instead, a family of functions
f(s) parameterized by them. Of course, different shapes
of the graphs of f(s) result from variations of either of
such parameters.

Letting the prime notation in the constitutive functions
denote derivative with respect to s, i.e.,

1's)= % (s)

we place the following assumptions on f(s):

(1)1t is a smooth function of s on the interval
(—1/2,1)).

(2) limgs—yp1 f(5)= + .

(3 ) There exist real numbers s1, s2, s3€ (—1/2, 1)
53720, 51N5y3, s1520=0 and such that f'(s;)=0,
fsi)#0, i=1,2,3.

These hypotheses hold for a very general class of
functions f(s) In particular, it includes the case of a
single-well potential located at s1=0=s2=ys3. In the
case that all values s; i=1,2,3 are distinct f(s)

correspond to a double-well potential with minimum
points s=s; and s=s3, respectively, separated by a
maximum point s=s2. The nearly isotropic transition
is a special case of the latter and corresponds to
f(s1)=f(s3) with sy =0 and s; 7 s3.

Functions f(s) with s, =0 are associated with high
values of the concentration (for lyotropic liquid crystals)
as well as to low temperatures (for thermotropic ones).
Such conditions correspond to prevailing nematic con-
figurations at equilibrium over unstable isotropic ones.

The growth conditions on f(s) express the fact that
highly aligned nematic configurations are rarely
observed and, likewise, configuration with s= —1/2.

3. Governing equations

In order to make rigorous comparisons between the
elastic and viscous mechanisms of liquid crystal flows,
it is necessary to write the governing equations in
dimensionless form. First of all, we will discuss the main
non-dimensional groups of parameters involved in the
study of flow problems. We conclude the section with
the derivation of the governing equations of plane shear
flow regimes.

We first introduce the dimensionless form X, 7, of the
independent variables

- L _
x=Lx, t=_1t (34)
vV

V, L and p denote a characteristic speed, length and
the density of the system, respectively. We introduce the
following scaling of the dependent variables:

V& )= VIR T) p=pV’p
S, 1)=& T) n@ﬁzﬁ&?}}

The resulting equations for the new scaled variables
have the same form as those in (10)-(12) after setting
the coefficient of v on the left-hand side of (10) equal to
one, and replacing the constitutive functions a;. gi, i, ki
and v, respectively, with a;, Bi- Vi and v. The latter are
defined as follows:

(35)

o1 |
ai="___ o
pV L
1
ﬁ,:pVL pi
R 36
%_pVL Yi (36)
_ 1
klszZLZkl
_ 1
v=p—Vzv
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In particular, the previous relations indicate that to
obtain the correct scaling of the special coefficients «;
and y given in §2, one should make the following
replacement in (27):

i
no—>no="—71 . (37)

pV L
Next, we introduce the non-dimensional groups com-
monly employed to characterize flow regimes. We let n,
vand K denote typical viscosity and elasticity coefficients
(specific choices for them depend on the problem at
hand).
(1) Ericksen number:

E 7L 38
=n - (38)
(2) Reynolds number:
LV
a="= (39)
n
Moreover the scalar quantity
y=1>~ 40
g=L"" (40)

where vis as in (5), plays a significant role in flows with
either internal or boundary layers. 7, v and K employed
next represent the scaled versions of n, v and K, respect-
ively. In terms of such quantities, (38)—(40) adopt the
following form:

E =7/K,
(41)
g = vIK.

E gives a measure of the relative size of the viscous
contributions with respect to the elastic ones whereas .4
measures the scalar contribution to the free energy with
respect to the gradient one. An interpretation of such
quantity is given next. Since the current model does not
include a surface energy term, 4 takes on such a role:
its contribution becomes relevant whenever the solution
presents an interface. In particular, conditions ensuring
the stability of boundary layers are formulated in terms
of the quantity [16]

# =117,

J =

E
;- (42)

Since {/v appears in the governing equations multiply-
ing a coefficient of the form a;, Bi O Vi, when assuming
Vv large, we may instead take the corresponding
viscosity coefficient to be large holding V/v fixed.

We adopt the convention that, unless otherwise stated,
all quantities encountered from now on have been scaled
according to the previous criteria. However, in order to

simplify the notation, we will drop the superimposed
bar previously introduced.

We now consider the class of steady state flows in a
domain Q=(—1,1)X m2 such that

v=1(0,0,v3) p=p yz)
ni=sin¢, n2=0, n3=cosy, (x,y,z)eQ.}
(43)
We let
vi=vix) ¢=¢(x) s=s(x) (44)

xe (—1,1) We denote derivative with respect to x with
a prime. Substituting (43) and (44) into the governing
equations (5)-(12), the following equations for the new
fields v, p, ¢ are obtained:

0= {p + 2kas ¢+ (a] sin’ gpcos ¢

] ’
+5(a2+ as+as+ aa)) v'sin ¢cos¢} + 2k {6 Y,
(45)
0= —0ploy, (46)

op
oz

_ 1 .2 2 1 .2 '
0=— +{(2 o4+ a1sin” ¢pcos ¢+2(a5—a2)sm ) v}

’

+ {§C082¢v'(a3+a6)}, (47)

2= 7 1+
0= (y ; L sin2¢—%cosz¢) VA 2k P8 (48)
and
0=2kis" — vf'(s)— 2kas¢’* — p3v'sin ¢cos ¢. (49)
4. Shear flow with constant gradient

In this section we consider plane, homogeneous shear

flow with constant velocity gradient. We let
v(x)=x, ¢=constant, s=constant, p=-constant.

Employing equation (33) we write (49) for the
previously given fields

0= p(s)cos ¢sin ¢ — v (s)

We divide the latter equation through by K and recast
it in the form

f'6)=7 w(s)sin 2¢, (50)

where
_1
ofs)=7mn "pe)

with n and K as in equations (41) and (42). Likewise,
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we rewrite equation (48),

1 2 1 .2
E{—E(yrﬁ‘yz)cos ¢+5(y2—y1)sm ol =0.
(51)

Constant solutions of (50) and (51) give homogeneous
alignin g regimes.

We now show existence of multiple aligning flows
corresponding to given parameter values E and 4. For
this, we discuss the solvability of equations (50) and
(51), in view of the constitutive properties of § 2.

4.1. Proposition 1

We assume that the constitutive equations satisfy
relations (13)—(20) and (21)-(25). Let f(s)be as in §2.

(1) If E=0, then s =0 solves equations (50) and (51).
Moreover, in such case ¢ is undetermined.

(2) Solutions of (50) and (51) with s# 0 satisfy the
algebraic equations

12

2
f’(S)=efw(S)(1 —%’(s)) (52)
V2

with
e=+1.
Furthermore, for each se (—1/2, I )satisfying (52)
cos2¢=—yi(s)y2(s) (53)

Part (1) follows as a consequence of the fact that
f'(0)=0. We point out that the above proposition is
valid independently of whether f(s) is a single or a
double-well potential.

In order to study the solvability of equation (52), we
introduce the following notation.

7 N\"
hs)= (1——2@)) (54)
72
H(s, 7 )= 7 o h(s) (55)
We observe that,
limh()=1 and limh()=0= lim k() (56)
50 50 s—>71)2

hold. In particular, for a; as in (28), expression (54)
becomes

his)=202+s)  [(1+2s)1 —s)]". (57)

Employing the previous notation, we rewrite equation
(52) as

f's)=eH(s 7) (58)

For f(s)non-convex, let c1 <c¢2 denote the critical points
of f'(s) Without loss of generality we assume that

Sle)>1f )l

The solvability of equation (58) can now be summarized
in  Proposition 2. For this, we observe that
limg— H(s, 7 )>0 as a result of (25), (33) and (56).

4.2. Proposition 2
Let f(s) ai(s) ﬁ,—(s) be as in Proposition I and such
that s1<<s2<s3 holds. Suppose that the following growth
conditions are satisfied:

m *B—(S,,)h(s)za
soU—=,"12+y f(s)

then for a given value of the ratio 7 such that:
Case 1.

Hs, 7)< f'(c2))

there are solutions S,-+, NIATAFS corresponding
to e=+1 and e=—1, respectively, satisfying
S <S <8 <S8 <S; <S5, S <0.

Case 2.

fler)>Hs, 7 )>|f(e2))

for all s€ [c1, c2], (59)

for all se [e1, c2],
(60)

there exist solutions satisfying S; < S <S8 <Sy.
Case 3.

S )<Hf(s, 7)

there exist two solutions such that S]_<S3+ and
S; < 0. Moreover,

for all s€ [c1, c2], (61)

- 1
S;—)—E and S3+—>1, as 7 — @, (62)

In the latter limiting situation,

6> {g,o}, (63)

respectively, hold (see figure 1).

4.3. Remarks

(1) The second limiting statements in (62) and (63)
establish that, in the limit of high shear rate, the molec-
ules tend to follow a perfectly aligned configuration with
the director becoming parallel to the flow direction.

(2) We point out that condition (59) is satisfied for
7 sufficiently small. Likewise, inequality (61) holds for
large values of such ratio.

(3) In the case that s; =0=s,=ys3, 1.e., f(s)is a single-
well potential, Proposition 2 guarantees the existence of
two solutions: S >0 and S; <0, corresponding to the
upper and lower regions of the graph,e=17 and e= — 1,
respectively.

We conclude this section giving an interpretation of
the previously obtained solution branches in terms of
the sign of the first normal stress difference,
oN= 033 — o11. This can be summarized as follows [16]:
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c2 1

Figure 1. The graph of f'/s) (thick line) together with those of + H(s, 7 |. The upper part of the diagram shows the two points
of intersection, S,-+, i=1,2,3, of f's| with H(s, 7 |. Likewise, the lower part shows the points S; , i=1,2, 3.

(1) _If s1 =0 then solutions such that s = S,-+ 15iss3,
s=2S; satisfy

on>0. (64)

Otherwise, on<<0 holds.

(2) If s2=0 then solutions such that s=35;, S3+ also
satisfy (64), whereas the remaining solutions satisfy
on<0.

Furthermore, it turns out that on>0 is a necessary
condition for the stability of the previously obtained
flows with respect to time-dependent perturbations.

5. Plane Poiseuille flow fields
From now on, we will consider boundary-value prob-
lems for the dimensionless equations (44)-(49). We
prescribe boundary conditions for the flow fields as in
plane Poiseuille geometry,

P _

=1 v=1)=0=v(1) (65)

The choice of one as a prescribed gradient of pressure
is made keeping in mind the non-dimensional character
of the variables of the problem.

In addition to (65), we also prescribe boundary condi-
tions for the optic fields. Given constants sa, sb€ (—1/2,1)
and ¢a, b€ [—n/2,7/2], we seek solutions satisfying

s(—1)=sa, s(I1)=sp (66)
p(—1)=¢a, ¢(1)=¢o. (67)

Throughout this section, we will assume that
s(-)e (—112,1) ¢(-)e [—n[2,7/2] are prescribed.

Integration of equation (47) taking (45) into account
gives
oploz=u, (68)
V(X Jg (s, )= x + Ao (69)

where # and %o are constant, and

_i .2 2
g, ¢)—2oc4+ a1sin” ¢gcos” ¢
1 o, ] )
+;(a5—az)sm ¢+5(a3+a6)cos ¢.(70)

5.1. Remark
Observe that g(c, ¢) (with —1/2<<c¢<I a constant)
appears in Leslie’s derivation of the equations of shear
flow in the Leslie-Ericksen model. As in that case, it
follows from the dissipation inequalities (13)—(15) that

g(, ¢)>0, forall se (— é 1), pe [—n/2,n/2].
(71)

It vanishes at the limits s=7 and s= — /2 which does
not pose a difficulty since such values are never reached
within the present model. Integration of (69) with respect
to x gives

X

v(x)=J ¢ 16 o) x+ w0 )dx + C, (72)
—1

with C an arbitrary constant.
We now give families of flows associated with the
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boundary conditions (65). The non-slip conditions on
the boundary give the following relation:

1 1

Jg_lﬁ,¢)xdx+-%oj ¢ 16 ¢)dx=0 (73)
-1 -1

from which
i -1

Vi)=g e ex—g 6 ¢){ J g ' ¢)dx}

-1
1

X {J g_](s, ¢)xdx}, (74)
-1

follows. This reduces to
vic)=g 16 ¢, (75)

in the case that s(* )is even and ¢(- )is either even or odd.

6. Flows with high shear rates: plane Poiseuille
geometry

In this section we consider flow regimes with large
Ericksen number. This corresponds to configurations
with the viscosity effects being predominant over the
elastic ones. Within the non-dimensional framework
that we present here, this may provide a mathematical
interpretation to the ansatz of a large velocity gradient.

The goal is to construct solutions with one or more
line defects parallel to the velocity field. The first type
of solutions that we obtain exhibit a line defect in the
centre of the region. The second class present one or
more isotropic internal layers away from the centre. The
order parameter takes the value zero across such layers
while the director experiences a jump discontinuity of
the order +45 degrees. While the first type correspond
to those already predicted from the Leslie-Ericksen
theory [14], the second ones seem to be a novelty of
modelling flow problems with the inclusion of additional
optic variables.

We set

2Ky

u= , with
10 (76)

Ko=max {ki, k2},

and no as in (37). We observe that u is, in fact, (twice)
the inverse of the Ericksen number given in (41).

We consider the boundary value problem (45)—(49)
and (65)—(67). After integrating equation (47) as previ-
ously described, and dividing the remaining equations
through by no, the governing equations become

0= Kioﬂﬂs” —Jas(@ )= 7 ' f'(s)— g3 (s sin g cos

(77)

and
k
0= (g1(s)sin>  — g2 (s)cos’ ¢ ' + uK—f)(szw, (78)

together with (45), (66), (67) and (75). Here,

1 1
gis)=-"_(—ntr) g6)="__mntnr)
210 210

and g3 (s)=ﬁ_3.
10
(79)
In particular, for y; as in (29) we obtain
-1 - 52)2 2
= (2s"+3s)
g1(s) P 257+ s)
—s(l—s)
o= (1-5F (80)

and  g3(s)= — é 1—sJ.

We observe that g1, g» and g3 are independent of no.
From now on we assume that

0< u<l. (81)

We seek solutions such that, away from the boundary
of the flow region, admit the following asymptotic
expansions,

N

s )= % supc "+ o) (82)
n=0
al +

oo, )= X dutx " +owuN) (83)
n=0

In order to simplify the notation, we let

S=s50 and @ = ¢o, (84)

denote the leading terms. Later in the section, we will
modify the asymptotic expansions in (82) and (83) to
account for internal layer contributions.

6.1. Governing equations for the leading terms
We consider equations (77) and (78) after setting
u=0:

0=f"(S(x))— =7 |g3(S(x))|v'(x)sin 2 (x) (85)

N |~

0=g1(S(x )V (x)sin’ ®(x)— g2(S(x )V (x Jeos” ® (x ).
(86)

Next we discuss the solvability of equations (85) and
(86), for v'(x)as in (74). We make use of relations (22).
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We observe that equation (86) is identically satisfied
for

Sv'(x )=0.

On the other hand, for points xe (—1, 1) such that
Sv'(x )# 0, we have

cos2®d(x )= — n (S(x), or, equivalently, 87 a)
72

sin 2@ (x )=eh(S(x), e= +1, where S satisfies,
(87 b)
0=r"(S(x))— 2y lg3((Sx )" (x (S (x)) (88)

(S}

with A(s) as in (54). Equation (85) holds identically at
points xe€ (—1,1) such that S(x)=0 and v'(x)=0.
Equation (87 b) defines functions

O =d(S) (89)
We denote
G(s)=g(s, O(s)) (90)

Taking into account that &(-) satisfies

1 1
sin’d =~ l-l-ﬂ and cos’d =" 1—ﬂ ,
2 72 2 72

one can rewrite (90) as

2
4G (s)=20a4+ a (1—_)+(a5—a2)( 7/1)
72
+(oc3+a6)( 7/1).
72

Since the right-hand side of (70) depends on ¢ through
combinations of sin2¢ and cos2¢ only, G(s) is well
defined and independent of the sign chosen in (875)

In particular, employing the approximation given in
(29) the previous relation becomes

2s+1)
G@)=no(l—sJ (+2)2(3s+2)(1—52)2 (91)

To study the solvability of the governing system for
the leading terms S and ®, we first examine the question
of existence of solutions of equations (88) and (74).
Subsequent substitution of S into (87) gives then the
angle of alignment. Before proceeding with such a
scheme, the following observations are in place:

(1) The solutions expected to follow from such
method, in general, will not satisfy the boundary
conditions. This requires to supplement the
asymptotic expansions (82) and (83) with bound-
ary layer ones. The goal is to satisfy the boundary
conditions as well as ultimately achieve conver-

gence of the previous expansions. Such issues will
be treated in forthcoming work.

(2) When discussing the solvability of (88) special
emphasis will be placed on configurations with
defects. Equations (29 ) suggest that the only mech-
anism for loosing plane alignment in the present
context is by reaching s=0 in some points of
the domain.

We seek solutions such that

s(ou)
¢(-, u) 1is either even or odd, }

is even, and

(92)

in which case, expression (74) reduces to (75).
Consequently, we will further restrict the choice of
boundary conditions so as to satisfy either of the

following,
and  @a= =+ ¢v. (93)

Sa = Sb,

Substitution of v'(x) as in equation (75) into (88)
reduces the latter to the following,

0=—f"(Six )+ er F(S(x)x, (94)
where

Igs()l

Fls)=""2"0G "(sh(s) (95)

We observe that
F(0)>0.
In particular, for g3(s)as in (80), i(s)as in (56) and G (s)

as in (91), we have
32+s)
202s+ 1 P3s+2)1—sf*

Fls)= (96)

Moreover

—s)7 and ~(6)"7@s+1)"
(97)

3
Flsjmo 3 )71

hold, for s close to 1 and —1/2, respectively.
In general, for the constitutive properties of
Proposition 1, the following limiting properties hold:
lim F(s)= +oo,

s —

Jim  Fe)=ten (98)

Taking such properties into account, we can now study
the solvability of equations (94) and (87).

6.2. Solutions with a disclination in the symmetry line of
the flow region
The next proposition shows the construction of two
solutions, (S+(x), <D+(x)) and (S_(x), o) _(x)), that present
a line defect at x =0. Although for simplicity we assume
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f(s)to be a single-well potential, the results also hold if
the function f'(s)is non-convex.

6.2.1. Proposition 3

Suppose that a;, i, 7i are as in Proposition 1. Let f'(s)
be such that s; =s»=s3=20. Then:

(1) There exist oc>0 such that (94) has two continu-
ous solutions S=S (x)and S=S (x) xe€ (—a, a). They
are both even on (—a,a) and monotonic on the
sublntervals (O a)and (—oc 0)

(2) S (x)/O S (x)\OandsatlsfyS 0)=0=S (0)

(3) S () and S (-) satisfy the boundary conditions
(66) and (93) provided s, solves equation (94) for
x=—1

(4) The solutions CD+(-) and @ () associated with
S (-)and S_(- ), respectively, are discontinuous at x =0
and satisfy

oHx)= -0 (—x) xe€(—a a) (99)
0<®+(x)<§, —§<CD_(X)<0, xe 0 a)
(100)
T —

lim @ (x)— = lim ® (x) (101)

x>0+ X—=0—
lim & (x)= —~= lim @ 102
dm @ ()= == lim & () (102)

Proof. The existence of o, 1 = a>0, with the previously
established properties follows from the hypothesis
f'(0)=0 together with the continuity of the constitutive
functions at s=0. Without loss of generality, we
construct the solution S+(x), X € (—a, a)as follows.

(1) For xe 0, o) we let S+(x) be the solution of
Sf's)=7 F(s)x.

(2) For xe (—a,0) we let S+(x) be the solution of
f's)=—7 F(s)x.

Since f'(s)=7 F(s)x|,
ST —x)20.

for xe (—a, a) then S+(x)=

Likewise, we construct S_(-) as the solution of

f's)=—7F@)x,
f's)=7F(s),

Part (2) follows from the property f'(0 )=0 and part
(3) is a consequence of the intermediate value theorem
for continuous functions.

Finally, the oddness property (99) of CDi(x),
X € (—a, a), follows from the construction in part (1),
together with (87). In deriving (101) and (102) we also
employ relations (22) and the first one of (87).

xe 0, a)
X€E(—a0)

6.2.2. Remark
For a=1 to hold the additional hypothesis on the
growth of f'(s)near s=1 has to be made:

f's)=0Fs)

ie. f'(s)needs to grow faster that F(s)as s approaches
1. The analogous condition should also hold for
s~ —1/2 in the case of the solution S_(x).

If a<<1I, then the fields on the intervals (a, /) as well
as (—1, —a)do not correspond to solutions of the form
(43). In particular, the director may come out of the
plane there. We point out that both S+(-)and S_(-)give
positive values of the first normal stress difference. A
further selection criteria between them should involve
minimization of the dissipation function [16].

(103)

6.3. Solutions with disclinations away from the centre of
the flow region
For a given 0<<X<I, we investigate whether the
governing equations admit the following type of solu-
tion: s(x)= S1+, xe 0, X) sx)=8;, xe[X, 1], s(x)=
S(—x) x=0, ¢ (x ) satisfies equation (58), for xe (0, 1),
and

¢p(x)=—¢(—x) for x<0. (104)

Here S;i denote solution branches as in §4. In particular,
the field s as constructed in (104) changes sign at x =X
and, therefore, a defect may be present there.

It is easy to check, however, that (104) does not solve
the governing equations. (In particular, the o13 compon-
ent of the stress tensor corresponding to such construc-
tion is not continuous.) The presence of an internal layer
around X matching both branches, S;+ and Sl_, respect-
ively, becomes necessary for the governing equations to
be satisfied at x = X. For this, we rewrite the asymptotic
expansions (82) and (83) accordingly. For a given integer
N =0, we seek solutions that for u>0 sufficiently small
can be expressed as follows:

N N

sfo )= 3 sy "+ X IS, "+ o) (105)

n=0 n=0

N N
px. p)= Z g "+ T 10, ()" + o (u™ ), (106)
n=i n=0
1 ) 5
=—(x—X) withu=¢. (107)
&€

The term IS, and Id,, n =0, represent internal layer
contributions around x = X. We introduce the notation

IS=ISy, 1= Idy. (108)

To derive equations for the leading terms of such expan-
sions, we substitute (105) and (106) into the governing
equations (77) and (78) and neglect higher order terms
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in p. This yields

~

0=pa\(S"+1S" )— —f'(S+1S)

T

— par(S+ IS J@'+ 10"y

—g3(S+ IS ' (x )sin (@ + ID)cos (P + D), (109)
0=parS*@" +1I10")

+v'(x (g1 (S+ IS Jsin’ (® + [D)

— g2(S+1S Jeos” (@ + 1))

+ 2uar (S+IS S + IS J@' + I0"). (110)

6.3.1. Solution in the interior of the domain

In order to determine the fields away from the layer
x =X and the boundaries x =+, we let u—0 in the
previous equations while holding xe (0, 1) x ¥ X fixed.
This gives equations (85), (86) together with (75).
With the analogous solvability arguments leading to
Proposition 3, we can now state the following result.

6.3.1.1. Proposition 4

Suppose that the hypotheses of Proposition 1 hold.
We assume that f(s) satisfies growth conditions at s=
—1/2,1, ie.

) F(s)
lim S =0.
1 |16

(111)

Then:

(1) There exists an even solution S=Sx) xe (—1,1)
that is discontinuous at x = +X. Moreover, it is
monotonic on the subintervals (0,X) (X,1)
(—1, —X)and (— X, 0). It satisfies S(0)=0.

(2) @(-)is odd, discontinuous at x = + X and satisfies

0<d(x)<=, xe(=X,0)U(X 1) and
4 : ’

—§<Cb(x)<0, xe (=1 —X)u(0,X)
(112)

Moreover,

U3 U3
lim @(x)=—" lim @(x)=—. (11
lip, ==y and lin o= (113)

Proof. We construct S(x) as the solution of equation
(94) with the following properties:

(1) forxe (—1, =X )u (0, X)let e=—1 in (94), and
(2) forxe X, 0)u(X, 1) lete=1.

For a given X e (0, 1) the existence of such a solution

follows from the continuity of f'(s)and F(s) for s# 0,
together with the growth condition (111). The corres-
ponding ®(x )is calculated from equations (87 b) taking

(1) e=—1, forxe (=1, —X)u©,X) and
(2) e=+1, forxe (—X,0)u(X, 1)

Since

f'6)=—7F()x|, forxe(—X X) and

f'6)=+7F()x|, forxe (=1 —X)u(X 1)

then

Sk)=S(—x) xe(—11) (114)

Moreover,

O(x)=—d(—x) forxe(=1,1)

In deriving (114), we employ relations (22). We denote

S-x)=S(x) xe(0,X)

} (115)
and S+x)=Sx) xe X, 1)

and likewise for @ +(x ).

6.3.1.2. Remarks

(1) The growth conditions (111) are analogous to
those of Proposition 2. As in the former case, they play
the role of ensuring the solvability of (91) and (92) on
the entire interval (—1,1). Without such conditions, the
solvability can only be guaranteed on an interval (— a, a)
1> a>0. (This is a consequence of the property f'(0 )=
0 together with a continuity argument.) The type of
structures constructed here would then be restricted to
the smaller interval with X e —a, )

(2) The analogous construction in the case that f(s)
is non-convex allows the coexistence of distinct solution
branches in the region such as S;+ and S3+ of §4 (instead
of the matching of S, and S; carried out here). We
observe that matching of such branches does not involve
passing through the isotropic state, s=0. This fact is
exploited in forthcoming work in order to model phen-
omena such as melt-fracture and stress jumps [ 11, 12].

6.3.2. Internal layer regions

We start introducing the following notation. For a
given function w@®) A€ (—», ) differentiable, we
denote

d

da

.

We now set u=20 in equations (109) and (110) while
holding A fixed. This gives the governing system for
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(IS(), ID(A)}, Le (—m, )

1 4 1 ’ ’ .
0=a1(IS)— (/_f (S)+ 5 83 (5 (X)sin (2®)) (1S)

— g3 (S ) (X )Jcos 20 (ID)+ q1 (IS, [D), (116)
1

0= E (g1(S)+ g2(S )V (X )sin 2 sin 2(I D)
+ (g7 (S )sin’> @ — g5 (S Jcos” dW' (X )(IS )
+ayS*A®) + q2 (IS, ID), (117)

where
S=85-X) ®=d-(X) whenever 1<<0, (118)
S=8+X) ®=d+X) whenever 1>0. (119)

q1(IS, ID), g2 (IS, I®) denote the non-linear terms of the
equations. We note that the coefficients of (IS, I®) in
equations (116) and (117) are discontinuous at A =0.

We seek solutions (IS(A) I® (1)), A€ (—o,©)of (116)
and (117) satisfying the following conditions:

lim IS(L)= — S+(X)
;M*)()+

lim IS(A)=—S-(X) )
A 0—
(120)

T
li IOA)="7T—D+X)
Jim TOR)= = @K

lim IdR)= — = —d-(X),
0= 4

and

lim IS()=0,

Phmces

lim I®(1)=0.

Phmces

(121)

6.3.2.1. Remark

The first two limiting conditions in (120) establish the
singularity of the line x =X and the last two state that
the director jumps from n/4 to —=/4 across such line.
The limits in (121) are the standard ones in the theory
of singular perturbations for Ordinary Differential
Equations and express the condition that, away
from the boundary layer region, the boundary layer
contribution becomes negligible.

Existence of solutions of the problem (116)-(121)
follow under the assumptions of Proposition 3 together
with the additional condition

g>1. (122)
The proof is presented in [16].
6.3.3. Multistripe solutions and selection of points X

For a given integer M >0, we consider points X;
ISiS M, such that 0<X;<I, X;<X;+;. We then

construct a 2M-layered solution following the method
developed in this section. We point out that the method
previously shown does not determine M as well as some
of the points X. In fact, for the functions that we
construct to be approximations of solutions of the
boundary value problem (77) and (78), the data M
and X; cannot be arbitrarily prescribed but must be
determined from p.

There are two mechanisms of selection of the layer
position X that reveal the different nature of such points.
First of all, let us assume that f(-)is non-convex and
0<c1<c2<1 denote the critical points of /(- )as in §4.
Let x1>0 denote the point such that s(xi;)=rci. Then
for 7 >0 such that ¢17 <1, we take X =x1.

Moreover for such a choice of X, we observe that
another solution construction is available by letting

sx)= S3+, xe[X, 1)

instead of S; in (104). Out of both such solutions, we
select the one that minimizes the rate of dissipation.

The second mechanism is associated with the fact that
the first term of the right hand side of (78) changes sign
at s=0 and, consequently, the forcing term of the
equation becomes oscillatory. (Moreover, points where
s vanishes are associated with infinite values of |¢'|.) In
forthcoming work, we develop an algorithm to get
numerical approximations to such points. We also pro-
vide a qualitative argument based on phase-plane ana-
lysis of a related second order nonlinear differential
equation.

7. Conclusions

In this article we have illustrated how new mathemat-
ical mechanisms arise in the equations when the order
parameter is included in the model. The new mechanisms
extend those of the Leslie—Ericksen theory and help
towards the study of local effects not modelled by the
former. In particular, we have shown that the energy
associated with the order parameter introduces a mech-
anism of surface energy which accounts for the presence
of defects in the form of singular internal layers or
stress jumps.

The contribution to the model of the latter mechanism
is quantified by the dimensionless parameter .4, the
interface number, which together with E give a
characterization of stationary flow regimes.

The work presented in this paper seems to outline
material properties and mathematical methods useful in
describing regimes with large E well beyond the scope
of the model and geometry presented here.

From the modelling point of view, it reinforces the
idea that tools from Continuum Mechanics combined
with other physical theories (for example, molecular
theory) provide a systematic procedure to obtain systems
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of governing equations amenable to mathematical ana-
lysis and computing. Whereas the former establishes
guidelines on obtaining balance laws and relating
kinematic fields with dynamic ones, the latter give
invaluable information on material properties.
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Appendix: The Helmholtz free energy

The purpose of this appendix is to provide a justifica-
tion for the use of the simpler form of the free energy
(5) instead of the more physically realistic one given
below. First of all, the function shown in (5), even
though it depends on s, it does not exhibit all the terms
of the Oseen—Frank free energy expression. In addition,
no coupling between n and s is taken into account in
the simplified form. Here, as in [1], we propose the
following form:

F =W+ W,,
with
2
2W2=K1(V‘n)2+K2(n‘V>< n)2+K3|n><V>< n|
+ (K2+K4)(tr(Vn)2— (V‘n)z)-i-L 1|Vs|2
+LyVs n/+ L3V n(Vs n)+LaVs* (Von)
(A1)
We let K1, K2, K3, K4, L1, L2, L3 and L4 denote
functions of s. In general, they should be regarded as
functions of the temperature or the concentration as
well, but in the present context, we take the latter as
parameters.
Restrictions on such functions stem from the

requirement that the total energy is bounded below.
A reorganization of terms in (A 1) gives

Ki>0, K>> | K4, K3>0 2Ki—Kr—K4>0,
Ks, Ke>0,
(A2)
for all se (—1/2,1) with
_ L3
Ki=K— ,
4L+ L>) 3\
K3=K Li
s=Ks— (A3)
Ks=1L1, >
K¢=L + L.

The remaining task is to determine sudable expressions
for K; L; Assuming that they are polynomials in s,
Ericksen proceeds to compare the free energy given by
(A 1) with expressions of the form W (Q, {VQ )correspond-
ing to Landau-Ginzburg-de Gennes models [15].
Specifically, we write

W2(0,VQ)= W50, V0 )+ W30, V0)

where Wg(Q, VO ) denotes a quadratic function of \/Q
with coefficients independent of Q whereas Wé(Q, Vo)
corresponds to coefficients that are of the first order
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with respect to Q. Such comparison gives the following

expressions of the coefficients,

K Kj

— =+ cs3,

2 2

K> K3

— =as’+ b33=_,

2 2

Ky

— =ms + cs3,

2

L Lo L L
_zn’ - = S, = —ms= — ,
5 5 q 3 4

(A4)

where a, b, ¢, m,n,q are constants whose choice is
restricted by inequalities (A 2). Finally we derive the
governing equations for fields v, n and s as given in §3.

First of all, in such case the free energy becomes

2Wy= (Kicos ¢+ Kssin ¢)(@' }
+ (L 1+ Lasin’¢)is' .

(A5)

The governing equations in dimensional form become
0= @m+qgssin’¢)s’) — 2as+ 3B+ ccos’ ¢ s> )d' }

—gsin’ o' F— W )(s)— p3sin ¢ cos ¢,

0=(as’+ b+ ccos’ ¢)s°¢' )/ + cssin pcos p(¢' f )
1
- ; (y1 + y2cos2¢ ), ¢
0_6(—p—A+€711)
B ox ’
(A%)
with
A=2@s’+ b+ ccos’ ¢)s3)(¢')2+2(n+qs sin2¢)(s')2,
(A7)

together with equations (45) and (46).

After carrying out the non-dimensionalization of the
previous system as done in §3, we observe that the
results of §4, 5 and 6 apply directly to them. The new
terms exhibited by the governing system (A 5)-(A7)
become relevant only in analyses concerning low and
intermediate values of E.



